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1. Introduction
One of the goals of AdS/CFT [1]–[3] (see [4] for a review) is the study of confinement.
There are some examples in the literature (for example [5]–[7]) where confining gauge
theories are dual to wholly non-singular geometries in supergravity. We consider it likely
that many other confining theories exist whose duals are singular in supergravity: examples
might include [8, 9]. In the absence of a better technical understanding of string theory in
Ramond-Ramond backgrounds, it seems difficult to decide which singularities are physical
(but see proposals in [10, 11]).
The purpose of this note is to explore non-singular, non-supersymmetric deformations
of the non-singular supergravity dual of a confining gauge theory found in [6]. Briefly,
the gauge theory is an N = 1 supersymmetric four-dimensional theory with gauge group
SU(N) × SU(N + M), plus bifundamental matter that can be summarized by a quiver
diagram. It is thought that the theory goes through a series of Seiberg dualities that
eventually reduce the gauge group to SU(M), provided M divides N . When the gauge
group is SU(M), the bifundamental matter has disappeared, and the remaining theory of
pure N = 1 supersymmetric glue confines.
The supergravity dual arises from D5-branes wrapped around a shrinking S 2, together
with NS-NS three-form field strength and a D3-brane charge that grows logarithmically
with radius. The geometry is not asymptotically anti-de Sitter; rather, it can be thought
of as nearly AdS5×T 11 with a volume for T 11 that also grows logarithmically with radius.
Metrically, it is a warped product of R3,1 with the deformed conifold:
ds210 =
1√
h
(−dt2 + d~x2) +
√
hds26 , (1.1)
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where h varies only in the conifold directions, whose Calabi-Yau metric is ds26. In fact,
global symmetries fix a radial direction in the deformed conifold, and h varies only in this
direction.
The solution (1.1) is supersymmetric [12, 13], and various properties appropriate to
its interpretation as the dual of a confining gauge theory have been demonstrated in [6].
As mentioned previously, our aim is to consider non-singular, non-supersymmetric defor-
mations of it. Such solutions are bound to have meaning on the gauge theory side, as
contrasted to singular deformations, which might or might not. A similar analysis has
been carried out [14] for the related solution [7], where only Neveu-Schwarz three-form flux
is present. Non-supersymmetric generalizations of [7] were also considered in [15], where
it was found that a discrete series of disconnected non-supersymmetric vacua exist. A
interpretation on the gauge theory side was suggested in [16].
The plan of the paper is as follows. We introduce our calculation method in section 2;
we summarize the unperturbed solution in section 3; we obtain a general form of the renor-
malized mass density of the perturbed solution in section 4; and we consider formal and
asymptotic properties of Lorentz-invariant perturbed solutions in sections 5 and 6. At the
end of section 6 we reach the conclusion that there are three regular non-supersymmetric
deformations which preserve the global symmetries of the unperturbed, supersymmetric
solution. In section 7 we study perturbations that break boost symmetries in four di-
mensions but retain all other symmetries, with the eventual conclusion that there are no
near-extremal perturbations with regular horizon. This squares nicely with the expectation
that the field theory has a gap.
2. The method
A generally useful trick for finding supersymmetric solutions is to parametrize the shape
of the compact dimensions by scalars, and then to show that preserved supersymmetry
demands that these scalars obey the gradient flow equations of some function W . This
method goes by the name of “attractor equations” in the study of supersymmetric black
holes in four dimensions [17], and it has also been used extensively in AdS/CFT, with W
having the interpretation of a superpotential — see for example [18], and [19] for some
remarks on the similarity of the attractor equations and the superpotential methods for
finding domain wall solutions. “Superpotential methods” are not in fact restricted to super-
symmetric situations [20, 21]: W can be related to Hamilton’s principle function [22], and
only particular forms (specified by particular choices of integration constants) correspond
to supersymmetric situations.
Our calculational technique for studying perturbations relies on starting with a solution
generated from a known superpotential. Abstractly, the problem may be cast in the form
of supersymmetric quantum mechanics, with radial variable u playing the role of time. The
radial lagrangian is
L = −1
2
Gab
dφa
du
dφb
du
− V (φ)
= −1
2
Gab
(
dφa
du
−Gac∂W
∂φc
)(
dφb
du
−Gbd ∂W
∂φd
)
+
1
2
dW
du
, (2.1)
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where
V =
1
8
Gab
∂W
∂φa
∂W
∂φb
. (2.2)
(The scalars φa here include components of the metric which participate in the solution).
The gradient flow equations are
dφa
du
=
1
2
Gab
∂W
∂φb
, (2.3)
and since the problem is gravitational, there is also a “zero-energy” constraint that comes
from the Guu Einstein equation:
− 1
2
Gab
dφa
du
dφb
du
+ V (φ) = 0 . (2.4)
Evidently, a solution to (2.3) will also solve the equations of motion for (2.1) as well as
constraint equation (2.4). All this is a many-times-told story. Where we are introducing
something novel is to continue to use the superpotential as much as possible to study small
perturbations to a solution of (2.3) that in general satisfy the second order equations of
motion, but not (2.3) itself. Let us expand around a given solution, φa0, to (2.3):
φa = φa0 + αφ¯
a +O(α2) (2.5)
with a small positive constant α. It is convenient to introduce further functions
ξa = Gab(φ0)
(
dφ¯b
du
−N bd(φ0)φ¯d
)
where N ba =
1
2
∂
∂φa
(
Gbc
∂W
∂φc
)
. (2.6)
Then the linearized equations of motion can be represented as
dξa
du
+ ξbN
b
a(φ0) = 0 , (2.7)
dφ¯a
du
−Nab(φ0)φ¯b = Gab(φ0)ξb . (2.8)
The constraint can be rephrased as ξadφ
a
0/du = 0.
The set of equations (2.8) is a trivial consequence of the definition of ξa. Equations (2.7)
may be demonstrated by plugging the expansion (2.5) into the equations of motion, in the
form
d
du
(
Gab(φ
′b − 1
2
Gbc∂cW )
)
+
1
2
(
∂a∂bW − (∂aGbc)Gcd∂dW
)(
φ′b − 1
2
Gbk∂kW
)
−
−1
2
(∂aGbc)
(
φ′b − 1
2
Gbd∂dW
)(
φ′c − 1
2
Gck∂kW
)
= 0 ,(2.9)
where primes mean d/du. The constraint can be written as
Gab
(
φ′a − 1
2
Gac∂cW
)(
φ′b +
1
2
Gbd∂dW
)
= 0 (2.10)
from which ξadφ
a
0/du = 0 easily follows.
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Roughly speaking, ξa and φ¯
a are canonically conjugate. It is easy to see that ξa describe
deformations of the gradient flow equations. Namely, if all ξa vanish then the deformation
is supersymmetric.
Let {X} be integration constants parameterizing linearly independent solutions to (2.7)
subject to the constraint and a set of constants {Z} parameterize linearly independent
solutions to (2.8) with vanishing right-hand side. Since (2.8) is a set of nonhomogeneous
linear differential equations, general solution for φ¯ is a sum of solutions parametrized by
{X} and solutions parameterized by {Z}. Clearly, {X} describe the non-supersymmetric
deformations, whereas {Z} correspond to supersymmetric ones. For example, deformation
generated by u→ u+ α is supersymmetric: ξa = 0, φ¯a = φ′a0 . As we shall see in section 6,
only specific superpositions of supersymmetric and non-supersymmetric deformations may
prove to be regular.
Using (2.7) and (2.8) is convenient as a calculational scheme because one can solve first
for the ξa through first order equations, then for φ¯
a through more first order equations,
rather than tackling the second order equations directly. Let us now see the method in
action for a non-trivial example.
3. Metric ansatz and reduced action
The ansatz of [6] (see also [23]) is the most general one consistent with the global symmetries
of the field theory dual, namely SU(2)× SU(2) of flavor and U(1)R. The metric is
ds210 = e
2p−x+2A(−dt2 + dxidxi) + e2p−x+8Adu2 +
+ [e−6p−xg25 + e
x+y(g21 + g
2
2) + e
x−y(g23 + g
2
4)] , (3.1)
and the forms are
H3 = du ∧ [f ′(u)g1 ∧ g2 + k′(u)g3 ∧ g4)] + 1
2
[k(u)− f(u)]g5 ∧ (g1 ∧ g3 + g2 ∧ g4)
F3 = F (u)g1 ∧ g2 ∧ g5 + [2P − F (u)]g3 ∧ g4 ∧ g5 + F ′(u)du ∧ (g1 ∧ g3 + g2 ∧ g4)
F5 = F5 + F∗5 , F5 = K(u)g1 ∧ g2 ∧ g3 ∧ g4 ∧ g5
K(u) = k(u)F (u) + f(u)[2P − F (u)] , (3.2)
where P is a constant. Explicit expressions for the one-forms gi can be found in [6].
The eight scalars that will participate in the radial lagrangian are φa = (x, y, p,A, f,
k, F,Φ). To obtain the radial lagrangian, one may start with the type IIB supergravity
action (in the by-now-standard form where F 25 appears but is set to zero by imposing self-
duality after obtaining the equations of motion) and perform the integrals over the angular
directions as well as factoring out the volume of four-dimensional Minkowski spacetime.
The result is the reduced action: up to an overall factor,
S[φa] = −2Vol4
κ25
∫
du
(
−1
2
Gabφ
′aφ′b − V (φ)
)
, (3.3)
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where
Gabφ
′aφ′b = −6A′2 + x′2 + 1
2
y′2 + 6p′2 +
+
1
4
(
Φ′2 + e−Φ−2x(e−2yf ′2 + e2yk′2) + 2eΦ−2xF ′2
)
, (3.4)
and
V (φ) =
1
4
e8A−4p−4x − e8A+2p−2x cosh y + 1
4
e8p+8A sinh2 y +
+
1
8
e8p+8A
(
1
2
e−Φ−2x(f − k)2 + eΦ−2x(e−2yF 2 + e2y(2P − F )2) + e−4xK2
)
.(3.5)
The superpotential is (cf. [23])
W (φ) = e4A+4p cosh y + e4A−2p−2x +
1
2
e4A+4p−2xK . (3.6)
To write down the supersymmetric solution of [6], it is convenient to change radial variables
by du = −e−4A−4pdτ . Then
ds210 =
1√
h(τ)
(−dt2 + dxidxi) +
√
h(τ)ds26 , (3.7)
where ds26 is metric of the deformed conifold,
ds26 =
1
2
²4/3N(τ)
[
1
3N3(τ)
(dτ2 + g25) + cosh
2 τ
2
(g23 + g
2
4) + sinh
2 τ
2
(g21 + g
2
2)
]
,
N(τ) =
(sinh 2τ − 2τ)1/3
21/3 sinh τ
, ² = 121/4 ,
h(τ) = a
22/3
4
∫ ∞
τ
dx
x coth x− 1
sinh2 x
(sinh (2x)− 2x)1/3 , a = 64P
2
²8/3
,
f0(τ) = −P (τ coth τ − 1)(cosh τ − 1)
sinh τ
, k0(τ) = −P (τ coth τ − 1)(cosh τ + 1)
sinh τ
,
F0(τ) =
P (sinh τ − τ)
sinh τ
, Φ0 = 0 . (3.8)
4. Energy density of the perturbed solution
Let the surface ∂Mu ' R3,1 × T 11 at fixed u be the boundary of the interior region Mu.
Consider the boundary metric γµν , where
ds2 = guudu
2 + γµνω
µων , ωµ = (dt, ωα) , ωα = (dxi, g1, . . . , g5) . (4.1)
Following [24] we define the quasilocal stress-energy tensor
Tµν =
1
8piG
(
Θµν −Θγµν + 2√|γ|
δSct
δγµν
)
, (4.2)
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where Θµν is the extrinsic curvature
Θµν =
1
2
√
guu
∂uγµν , Θ = Θµνγ
µν , (4.3)
and a counterterm action Sct must be chosen to cancel divergences that appear when u
approaches its minimum value (τ goes to infinity). For a supersymmetric solution the
counterterm is associated with tension of the boundary ∂Mu:
Sct =
∫
∂Mu
dt ∧ dxi ∧ g1 ∧ · · · ∧ g5 W (φ) , (4.4)
so that
δSct
δγµν
=
1
2
Wγµν . (4.5)
Let a spacelike surface Σ with a metric σαβ be normal to the timelike unit vector
1
NΣ
∂
∂t :
that is,
γµνω
µων = −N 2Σdt2 + σαβωαωβ . (4.6)
Then the mass density M is given by
M =
∫
Σ
g1 ∧ · · · ∧ g5 µ , µ =
√
|σ| 1
NΣ
Ttt . (4.7)
It is possible that this does not vanish even when the perturbed solution is Lorentz in-
variant. In such a case, the mass density M is interpreted as a contribution to the
four-dimensional cosmological constant. (But it is consistent that the four-dimensional
geometry is Minkowski space, because the four-dimensional Newton coupling vanishes for
these non-compact geometries). If the solution is not Lorentz invariant (as for a non-
extremal deformation), then one should also obtain the spatial components of Tµν . For
supersymmetric solution we have
Ttt =
3
8piG
e−x/2+p−2A
(
A′ − 1
3
W
)
, µ =
3
8piG
(
A′ − 1
3
W
)
, (4.8)
which are proportional to the gradient flow equation for A. Therefore energy and mass
densities of any supersymmetric solution vanish.
For a non-supersymmetric solution additional counterterms might be needed [25, 26].
If counterterms do not break supersymmetry, their contribution to the energy density has
the form O
[
dφa/du− 1/2Gab∂W/∂φb]. Therefore, for a perturbed solution (2.5), we have
Ttt and µ of the form αO[ξ] +O(α
2).
5. Formal solution
The linearized equations of motion (2.7) and (2.8) admit formal solutions in terms of path
ordered exponentials, but this is not very useful in practice unless the “connection” matrix
Nab(φ0) is diagonal or triangular — that is, unless the equations decouple, or can be solved
iteratively. This occurs only partially for our case, as we shall develop in this section by
examining the explicit form of the equations and extracting the simplest combinations of
them that we can.
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First, let us use the radial variable τm (du = −e−4A0−4p0dτ), so that (2.7) and (2.8)
become
ξ˙a + ξbM
b
a(φ0) = 0
˙¯φa −Mab(φ0)φ¯b = −e−4A0−4p0Gab(φ0)ξb ,
M ba = −e−4A0−4p0N ba . (5.1)
Given a vector, like ξa, we will have frequent occasion to use the shorthand notation
ξ3+4 = ξ3 + ξ4, or ξ5−6 = ξ5 − ξ6.
First let us deal with the first line of (5.1). The vector
V = (V a) =
(
3, 0,−1, 1, 3
P
[2fP + F (k − f)], 3
P
[2fP + F (k − f)], 0, 0
)
(5.2)
is annihilated by M ab: that is, M
a
bV
b = 0. It follows that
η˙ +
3
P
[2f0P + F0(k0 − f0)]ξ˙5+6 = 0 , (5.3)
where η = 3ξ1− ξ3+ ξ4 and ξ5+6 = ξ5+ ξ6 as per our shorthand notation explained above.
We also find
ξ˙5+6 +
1
3
e−2x0Pη = 0 , (5.4)
and now we can solve
η(τ) = Xη exp
(∫ τ
τ0
dτ e−2x0 [2f0P + F0(k0 − f0)]
)
ξ5+6(τ) = X5+6 − P
3
∫ τ
τ0
dτ e−2x0η(τ) , (5.5)
where Xη and X5+6 are integration constants. It can be further shown that
ξ˙5−6 + ξ7 =
1
3
e−2x0(F0 − P )η ,
ξ˙7 + cosh (2y0)ξ5−6 =
1
6
e−2x0(f0 − k0)η − sinh (2y0)ξ5+6 . (5.6)
Once ξ5−6 and ξ7 are determined, we can find ξ8 using
ξ˙8 = e
2y0(2P − F0)ξ5 + e−2y0F0ξ6 + 1
2
(f0 − k0)ξ7 . (5.7)
Using the constraint ξaφ˙
a
0 = 0, together with the solution for η, we may solve for ξ3 and
ξ4, and then we find two coupled linear differential equations for ξ1 and ξ2. This completes
a formal solution of ξ˙a + ξbM
b
a = 0 together with ξaφ˙
a
0 = 0.
We have still to solve the second equation in (5.1), that is, ˙¯φa−Mab(φ0)φ¯b=−e−4A0−4p0 ×
Gab(φ0)ξb. For Φ¯ we have
˙¯Φ = −4e−4A0−4p0ξ8 . (5.8)
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Functions Y (τ) = x¯(τ)− 3A¯(τ), φ¯3+4(τ) = p¯(τ) + A¯(τ) and y¯ satisfy
˙¯φ3+4 + e
−2x0−6p0φ¯3+4 + e
−2x0−6p0Y =
1
6
e−4p0−4A0(ξ4 − ξ3)
Y˙ + 4 cosh (y0)φ¯3+4 + sinh (y0)y¯ = −e−4p0−4A0
(
ξ1 +
1
2
ξ4
)
˙¯y + cosh (y0)y¯ + 4 sinh (y0)φ¯3+4 = −2e−4p0−4A0ξ2 . (5.9)
For φ¯5−6 = f¯ − k¯ and F¯ one obtains
˙¯F − 1
2
φ¯5−6 =
1
2
(f0 − k0)(4φ¯3+4 − Φ¯)− 2e2x0−4p0−4A0ξ7 ,
˙¯φ5−6 − 2 cosh (2y0)F¯ = 4(sinh (2y0)F0 − e2y0P )y¯ + 2(cosh (2y0)F0 − e2y0P )×
× (4φ¯3+4 + Φ¯) + 8e2x0−4p0−4A0 sinh (2y0)(ξ5 − ξ6) . (5.10)
A function φ¯5+6 = f¯ + k¯ satisfies
˙¯φ5+6 = −4(e2y0P + cosh (2y0)F0)y¯ + 2(sinh (2y0)F0 − e2y0P )(4φ¯3+4 + Φ¯) +
+2 sinh (2y0)F¯ − 8e2x0−4p0−4A0 cosh (2y0)(ξ5 + ξ6) . (5.11)
Finally, for A¯ we have
˙¯A+ e−2x0(2f0P + F0(k0 − f0))A¯ =
=
1
3
sinh (y0)y¯ +
2
3
[2e−2x0f0P + e
−2x0F0(k0 − f0)− e−2x0−6p0 + 2 cosh (y0)]φ¯3+4 −
− 1
3
e−2x0 [2f0P + F0(k0 − f0) + 2e−6p0 ]Y + 1
6
e−2x0(2P − F0)f¯ + 1
6
e−2x0F0k¯ +
+
1
6
e−2x0(k0 − f0)F¯ + 1
6
e−4p0−4A0ξ4 . (5.12)
This completes a formal solution of the linearized equations (5.1).
6. Asymptotic solutions
Unfortunately, even the partially decoupled equations that we found in the previous section
do not appear to admit analytic solutions. What we can do, however, is to give a complete
treatment of the asymptotics in the regions τ → 0 (in the interior, where we may require
that the solution be completely regular) and at τ →∞, where we can sensibly require that
the asymptotics is unchanged at the leading order from the supersymmetric solution and
that the energy density is finite.
We will use the algorithm described in the previous section to find asymptotic form of
the perturbations φ¯ in the regions τ → 0 and τ →∞.
Large τ : observing that(
∂
∂φ
W
)
(φ0) ∼ e4/3ττ for φ = (x, p, f, k) ,
(
∂
∂A
W
)
(φ0) ∼ e4/3τ ,(
∂
∂φ
W
)
(φ0) ∼ eτ/3 for φ = (y, F ) , Gaa(φ0)e−4p0−4A0 ∼ τe−4/3τ , (6.1)
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we conclude that we must solve for ξ up to the terms ∼ 1/τ at infinity; find x¯, f¯ , and k¯
up to τe−4/3τ ; p¯ and A¯ up to e−4/3τ ; and y¯ and F¯ up to e−τ/3. The solution for ξ(τ) has
the following form:
ξ1 = X
∞
1 e
2τ − 4X∞1 τ − 4X∞1 + 6PX∞5−6 − PX∞5+6 + 2X∞2 +O(e−τ ) ,
ξ2 = 2(PX
∞
5−6 −X∞1 )eττ +X∞2 eτ +O(e−τ ) , ξ3 = 3X∞1 e2τ − 12X∞1 τ +O(e−τ ) ,
ξ4 = −18PX∞5−6 + 3PX∞5+6 − 6X∞2 + 12X∞1 +O(e−τ ) ,
ξ5 =
1
2
X∞5−6e
τ +
1
2
X∞5+6 +O(e
−τ ) , ξ6 = −1
2
X∞5−6e
τ +
1
2
X∞5+6 +O(e
−τ ) ,
ξ7 = −X∞5−6eτ +O(e−τ ) , ξ8 = (X∞5+6 − 2X∞5−6)Pτ +X∞8 +O(e−τ ) . (6.2)
where X∞1 , X
∞
2 , X
∞
5−6, X
∞
5+6, X
∞
8 are integration constants. The other integration con-
stants parametrize solutions which are O(e−τ ). For the dilaton deformation we have
Φ¯ = Z∞8 + 3
1/34PX∞5+6e
−4/3τ (3 + 4τ)− 31/38PX∞5−6e−4/3τ (3 + 4τ) +
+31/316X∞8 e
−4/3τ + · · · , (6.3)
where Z∞8 is an integration constant. To keep Φ(∞) fixed, we set
Z∞8 = 0 . (6.4)
For f¯ and k¯ we have
f¯ =
1
2
Z∞5+6 +
1
2
Z∞7 e
−τ − 1
2
PZ∞2 e
−τ (1 + 2τ) + 31/312PX∞2 (e
−τ/3 − 4τe−4/3τ ) +
+31/3P 2X∞5−6(−96τ 2e−4/3τ − 96τe−4/3τ − 90e−τ/3) + 31/324P 2X∞5+6τe−4/3τ +
+PZ∞Y (e
4/3τ +O(τeτ/3)) + Z∞5−6
(
1
2
eτ − 2τ
)
+ 31/36PX∞1 e
2/3τ + · · · ,
k¯ =
1
2
Z∞5+6 −
1
2
Z∞7 e
−τ +
1
2
PZ∞2 e
−τ (1 + 2τ)− 31/312PX∞2 (e−τ/3 + 4τe−4/3τ ) +
+31/3P 2X∞5−6(−96τ 2e−4/3τ − 96τe−4/3τ + 90e−τ/3) + 31/324P 2X∞5+6τe−4/3τ +
+PZ∞Y (e
4/3τ +O(τeτ/3)) + Z∞5−6
(
−1
2
eτ − 2τ
)
+ 31/36PX∞1 e
2/3τ + · · · , (6.5)
where Z∞5−6, Z
∞
5+6, Z
∞
Y , Z
∞
7 , and Z
∞
2 are integration constants. Although k0(τ) and f0(τ)
are divergent at infinity, the divergence is linear in τ . Therefore, we require vanishing of
the exponentially divergent terms in (6.5):
X∞1 = Z
∞
Y = Z
∞
5−6 = 0 . (6.6)
For the rest of deformations φ¯ we have
x¯ = −31/348PX∞5−6τe−4/3τ + Z∞4 (3τ−4/3e4/3τ +O(e−2/3τ ))−
− 3
1/3
44/3P
Z∞5+6τ
−4/3e4/3τΓ
(
4
3
,
4
3
τ
)
+ · · · ,
y¯ = 31/316PX∞5−6e
−τ/3(3− 2τ)− 31/316X∞2 e−τ/3 + · · · ,
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p¯ = −31/3PX∞5−6e−4/3τ (10 + 16τ) + Z∞4 (−τ−4/3e4/3τ +O(e−2/3τ )) +
+31/34e−4/3τ (−2X∞2 + PX∞5+6) +
1
32/344/3P
Z∞5+6τ
−4/3e4/3τΓ
(
4
3
,
4
3
τ
)
+ · · · ,
A¯ = 31/3PX∞5−6e
−4/3τ (67− 8τ) + Z∞4 (τ−4/3e4/3τ +O(e−2/3τ ))−
− 1
32/344/3P
Z∞5+6τ
−4/3e4/3τΓ
(
4
3
,
4
3
τ
)
− 31/36X∞2 e−4/3τ − 34/3PX∞5+6e−4/3τ + · · · ,
F¯ = 31/3P 2X∞5−6e
−τ/3(126 − 48τ)− 31/336PX∞2 e−τ/3 + · · · , (6.7)
where Z∞4 is a constant and Γ(4/3, z) is the incomplete gamma function
1
Γ
(
4
3
, z
)
= e−z
(
z1/3 +
1
3
z−2/3 +O
(
1
z5/3
))
, z →∞ . (6.8)
Requiring deformed solution to have the same asymptotics as (3.8) we have
Z∞4 = 0 . (6.9)
Small τ : we observe that
Gaa(φ0)e
−4p0−4A0 ∼ 1
τ2
, for a = (1, 2, 3, 4, 6, 8) ,
G77(φ0)e
−4p0−4A0 = O(1) , G55(φ0)e
−4p0−4A0 ∼ τ 2 ,
h(τ) = h0 + h2τ
2 +O(τ 4) , (6.10)
where h0 and h2 are constants. For ξ(τ) the leading asymptotics are
ξ1 =
1
3
X0η −
32
27
P 2X0η
h0
+
2
3
X0ηh2
h0
− 2
5
PX07 + 2X
0
1 +O(τ
2) ,
ξ2 =
2
3
X0ηh2
h0
− 32
27
P 2X0η
h0
− 16
15
PX07 + 2X
0
1 +O(τ
2) , ξ3 = −2
3
X0η +O(τ
2) ,
ξ4 = −2
3
X0η +
32
9
P 2X0η
h0
− 2X
0
ηh2
h0
+
6
5
PX07 − 6X01 +O(τ 2) ,
ξ5 =
X07
2τ
+
4PX0η
3h0τ
+X05+6 +O(τ) , ξ6 = −
X07
2τ
− PX
0
ητ
9h0
+
1
12
X07 τ +O(τ
2) ,
ξ7 =
X07
τ2
+
1
6
X07 +O(τ) ,
ξ8 = X
0
8 +
8P 2X0ητ
2
27h0
+
2
15
PX07 τ
2 +O(τ 3) , (6.11)
where X0η , X
0
1 , X
0
5+6, X
0
7 and X
0
8 are constants. The dilaton deformation is given by
Φ¯ =
16
τ
X08 + Z
0
8 +O(τ) , (6.12)
1Γ(a, z) =
∫∞
z
ta−1e−tdt.
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where Z08 is a constant. Regularity of Φ¯ at small τ implies X
0
8 = 0. We have
x¯ =
2
τ3
Z02+
4
3τ
X0η
(
1− 20P
2
9h0
+
2h2
h0
− 8P
2h2
3h20
+
128P 4
27h20
)
+
8
τ
X01
(
1− 4P
2
3h0
)
− 4P
h0τ
Z05−6+
+
8P
τ
X07
(
−1
5
+
2h2
h0
+
32P 2
45h0
)
+
88P 2
45h0τ
Z02 −
2P
h0τ
Z05+6 − Z03+4 + 3Z04 +O(τ log τ) ,
y¯ = − 2
τ3
Z02 +
16
3τ
X0η
(
h2
h0
− 16P
2
3h0
)
+
16
τ
X01 −
128P
15τ
X07 +
7
3τ
Z02 + 4Z
0
3+4 +O(τ log τ) ,
p¯ =
1
τ3
Z02 −
4
9τ
X0η
(
1 +
4P 2
3h0
− 8P
2h2
3h20
+
128P 4
27h20
)
+
32P 2
9h0τ
X01 −
2
15τ
Z02
(
1 +
44P 2
9h0
)
−
− 4P
2
3τ
X07
(
1 +
4h2
h0
+
64P 2
45h0
)
+
4P
3h0τ
Z05−6 +
2P
3h0τ
Z05+6 + Z
0
3+4 − Z04 +O(τ log τ) ,
A¯ =
2
15τ
Z02
(
1 +
44P 2
9h0
)
+
4
9τ
X0η
(
1− 4P
2
h0
+
3h2
h0
− 8P
2h2
3h20
+
128P 4
27h20
)
− 4P
3h0τ
Z05−6 +
+
4
τ
X01
(
1− 8P
2
9h0
)
+
P
τ
X07
(
−4
5
+
16h2
3h0
+
256P 2
135h0
)
− 2P
3h0τ
Z05+6 + Z
0
4 +O(τ) ,
f¯ =
1
2
Z05−6 +
1
2
Z05+6 +O(τ
2) ,
k¯ =
56P
5τ2
Z02 +
16P
3τ2
X0η
(
1− 2h2
h0
+
32P 2
9h0
)
−
− 32P
2
τ2
X01 +
16
τ2
X07
(
3h2 +
16P 2
15
)
− 6
τ2
Z05−6 −
1
2
Z05−6 +
1
2
Z05+6 +O(τ log τ) ,
F¯ =
64P
15τ
Z02 +
8P
3τ
X0η
(
1− 2h2
h0
+
32P 2
9h0
)
− 16P
τ
X01 +
2
τ
X07
(
h0 + 12h2 +
64P 2
15
)
−
− 3
τ
Z05−6 +O(τ) , (6.13)
where Z02 , Z
0
3+4, Z
0
4 , Z
0
5−6, and Z
0
5+6 are constants. The perturbation of the metric is
small if
2p¯− x¯+ 2A¯ ≤ 0 , −6p¯− x¯ ≤ 0 , x¯+ y¯ ≤ 0, x¯− y¯ ≤ 0 . (6.14)
Regularity of f¯ , k¯, F¯ together with (6.14) implies
Z02 = X
0
7 = 0 , Z
0
5−6 =
8P
9
X0η ,
X01 =
(
16P 2
27h0
− h2
3h0
)
X0η , Z
0
5+6 =
(
2h0
3P
− 8P
9
)
X0η . (6.15)
The space of regular deformations: as far as we can see, it would require numerics
on the coupled system (5.1) to describe any particular linearized deformation of the basic
solution (3.8). However, having found the asymptotics both at large and small τ , we can
meaningfully inquire how many independent deformations there are, consistent with the
basic ansatz, (1.1) and (3.2). There are fifteen integration constants for the system (5.1):
seven {X} and eight {Z}. At large τ we have constrained five of them: one of {X}
and four of {Z}, through dilaton asymptotics (6.4), regularity conditions (6.6) and (6.9).
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At small τ regularity of (6.12) and (6.15) have constrained three of {X} and three of
{Z}. Two of these {Z} are related to {X} through (6.15). We have not shown that
these are independent constraints, but on grounds of genericity we expect that this is so.
According to our discussion in section 2 we conclude that there are three unconstrained
real parameters, corresponding to three regular non-supersymmetric deformations.
This is not an easy result to understand directly from the field theory, partly because
of the effects of strong coupling. The field content, in N = 1 superfield language, is
SU(N) SU(N +M) SU(2)A SU(2)B
V1 adj 1 1 1
V2 1 adj 1 1
A N N +M 2 1
B N N +M 1 2
(6.16)
where we have also indicated the quantum numbers under the gauge symmetry SU(N) ×
SU(N + M) and the global symmetry SU(2)A × SU(2)B . The first two lines show real
superfields, while the second two show chiral superfields. Deformations of the supergravity
solution of the type we consider should correspond to adding gauge theory operators to
the lagrangian which are invariant under all the symmetries in (6.16). One difficulty with
this point of view is that the theory is strongly coupled, in two ways: first, there is the
usual large ’t Hooft coupling limit associated with the geometry being smooth on the
string scale; and second, the theory is close to a Leigh-Strassler fixed point with a quartic
superpotential, so it’s not clear that a simple lagrangian suffices to describe the physics. If
we set this aside and write down a list of the gauge operators which are singlets under the
symmetries in (6.16) and are relevant or marginal based on the dimensions one obtains from
the Leigh-Strassler fixed point, there are considerably more than three: the list includes
tr[F
(1)
µν ]2, tr[F
(2)
µν ]2, tr λ2(1), trλ
2
(2), trλ(1) /Dλ(1), trλ(2) /Dλ(2),
tr |ai|2, tr |bi|2, tr |Dµai|2, tr |Dµbi|2,
tr ψ¯aiψai , tr ψ¯biψbi , tr ψ¯ai /Dψai , tr ψ¯bi /Dψbi ,
²ik²jl tr aibjakbl, ²
ik²jl trψaiψbjakbl,
(6.17)
where we have employed some obvious notation: λ(1) is the gaugino component of V1, ai
is the scalar component of Ai, ψai is the fermion component of Ai, and the Roman indices
i, j, . . . are labels for the fundamentals of SU(2)A or SU(2)B . In writing down the list (6.17),
we have incorporated also an R-symmetry constraint: U(1)R is broken to a Z2 which should
be respected by operators dual to the supergravity deformations that we have considered.
Note that the fields ai and bj both have R-charge 1/2 [6].
Two mechanisms cut down the list of operators that should appear in (6.17). First
(and trivially), we constrained Φ(∞), so only the difference tr[F (1)µν ]2 − tr[F (2)µν ]2 should
be allowed, not the sum. Second, some operators unrelated to chiral primaries must be
expected to acquire large anomalous dimensions and to be dual to excited string states. It
is not entirely clear even at the Leigh-Strassler fixed point which operators these are, but
this is something that might be elucidated in the future. For a field theory with a moduli
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space of vacua, one might expect that a third mechanism would cut down the list of allowed
deformations of the lagrangian, namely the requirement of a stable vacuum. However, as
in the case of [14], the fact that the vacuum of the unperturbed theory is isolated tells us
that any small deformation of the lagrangian should still have a stable vacuum. The upshot
is that once one sorts out which operators correspond to supergravity modes as opposed
to excited string states, it should be possible to identify the three allowed deformations on
the gauge theory side. We hope to return to this problem in the future.
7. Non-extremal deformation
Because the gauge theory confines, we might reasonably expect that there are no near-
extremal generalizations of the solution (3.8) with regular horizons. To understand the
reasoning, let us first note that solutions with regular horizons do exist with the same
asymptotics at infinity [27], but the horizon entropy of these solutions scales as N 2, and
their gauge theory interpretation is in terms of a high temperature, deconfined phase with
restored chiral symmetry. It shouldn’t be possible for such a phase to persist arbitrarily
close to zero energy density and temperature; hence the conclusion that near-extremal
generalizations with regular horizons should not exist.
To explore this explicitly in our setup of linearized supergravity perturbations, let us
make the following ansatz for the metric:
ds210 = e
2p−x+2A+2z(−e−8zdt2 + dxidxi) + e2p−x+8Adu2 +
+ [e−6p−xg25 + e
x+y(g21 + g
2
2) + e
x−y(g23 + g
2
4)] . (7.1)
Let φA = (φa, z) with φa = (x, y, p,A, f, k, F,Φ). The reduced action has the form
S[φA] = −2Vol4
k25
∫
du
(
−1
2
GABφ
′Aφ′B − V (φ)
)
, (7.2)
where
GABφ
′Aφ′B = 6z′2 +Gabφ
′aφ′b , (7.3)
and the potential V (φ), the superpotential W (φ), and the metric Gab are the same as in
section 3:
V =
1
8
GAB∂AW∂BW =
1
8
Gab∂aW∂bW . (7.4)
The constraint equation has the following form:
Gab
(
φ′a − 1
2
Gac∂cW
)(
φ′b +
1
2
Gbd∂dW
)
+ 6 = 0 . (7.5)
The supersymmetric solution satisfies
φ′A =
1
2
GAB∂BW . (7.6)
We notice that both the target-space metric GAB and superpotential W are independent
of z, which implies that z is constant in the supersymmetric solution and can be absorbed
into redefinition of t and xi.
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Let
φA = φA0 + αφˆ
A + α2φ˜A +O(α3) , (7.7)
where α is a deformation parameter and z0 = 0. Equation δS/δz = 0 implies z
′′ = 0. To
study the non-extremal deformations we choose
z = αz¯ , z¯ = u . (7.8)
Substitution of (7.7) into the equations of motion and constraint gives (to first order in α)
d
du
ga + gbN
b
a(φ0) = 0 , gaφ
′a
0 = 0 , (7.9)
where
ga = Gab(φ0)(φˆ
′b −N bd(φ0)φˆd), N ba =
1
2
∂a(G
bc∂cW ) . (7.10)
Equations (7.9) and (7.10) do not involve z and correspond to the extremal deformation
of the supersymmetric solution. To study non-extremal deformation we set φˆa = 0. For φ˜a
we have
d
du
ζa + ζbN
b
a(φ0) = 0 , ζaφ
′a
0 + 3 = 0 , (7.11)
where
ζa = Gab(φ0)(φ˜
′b −N bd(φ0)φ˜d) . (7.12)
Solutions for ζ and φ˜ can be written in terms of the general solution for ξ and φ¯. For small
τ we have
ζ1 = −12
τ
− 4τ + ξ1 +O(τ 2) , ζ2 = −6
τ
− 43
5
τ + ξ2 +O(τ
2) ,
ζ3 =
12
τ
− 28
5
τ + ξ3 +O(τ
2) , ζ4 =
48
τ
+
32
5
τ + ξ4 +O(τ
2) ,
ζ5 = ξ5 +O(τ) , ζ6 = ξ6 +O(τ
2) ,
ζ7 = ξ7 +O(τ) , ζ8 = ξ8 +O(τ
3) ,
x˜ = −16
τ2
+ 64 log τ − 424
15
+ x¯+O(τ log τ) ,
y˜ = −16
τ2
+ 128 log τ − 824
15
+ y¯ +O(τ log τ) ,
p˜ =
8
3τ2
− 128P
2
3h0
log τ +
256P 2
27h0
+ p¯+O(τ log τ) ,
A˜ = − 32
3τ2
+
(
32 +
128P 2
3h0
)
log τ − 256P
2
27h0
+ A¯+O(τ) ,
f˜ = 32Pτ + f¯ +O(τ 2) , k˜ = −64P
3τ
+ k¯ +O(τ log τ) ,
F˜ = −16
3
P + F¯ +O(τ) , Φ˜ = Φ¯ +O(τ) .
(7.13)
We observe that for any values of the integration constants, a function k˜ is infinite at
τ = 0. Therefore, we conclude that non-extremal linearized deformations (7.7) are singular
at the apex of deformed conifold. Thus we reach the desired conclusion that near-extremal
solutions with regular horizons do not exist.
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